QCD/HQET matching for the heavy-quark field [1] and heavy-light quark currents [2] with three-loop accuracy is discussed.
Heavy-quark field
QCD problems with a single heavy quark Q can be treated in a simpler effective theory -HQET, if there exists a 4-velocity v such that the heavyquark momentum is p = mv +k (m is the on-shell mass) and the characteristic residual momentum is small: k ≪ m. QCD operators can be written as series in 1/m via HQET operators; the coefficients in these series are determined by matching on-shell matrix elements in both theories.
At the tree level, the heavy-quark field Q is related to the corresponding HQET field Q v (satisfying / vQ v = Q v ) by [3, 4] Q(x) = e
The matrix elements of the bare fields between the on-shell quark with momentum p = mv + k and the vacuum in both theories are given by the on-shell wave-function renormalization constants:
(HQET renormalization constants are denoted bỹ Z). The Dirac spinors are related by the FoldyWouthuysen transformation
Therefore, the bare fields are related by
where the bare matching coefficient is
(we use the covariant gauge: the gauge-fixing term in the Lagrangian is −(∂ µ A aµ 0 )/(2a 0 ), and the free gluon propagator is
2 ); the number of flavours in QCD is n f = n l + 1). The O(1/m) matching coefficient in (3) is equal to the leading one, z 0 ; this reflexes the reparametrization invariance [5] . The MS renormalized fields are related by the formula similar to (3), with the renormalized decoupling coefficient
If there are no massive flavours except Q, thenZ os Q = 1 because all loop corrections are scale-free. The QCD on-shell renormalization constant Z os Q contains the single scale m in this case; it has been calculated [6] up to three loops. The three-loop MS anomalous dimensions of Q v [6, 7] and Q [8, 9] are also known. We have to express all three quantities Z os [10] . The explicit result for the renormalized matching coefficient z(µ) can be found in [1] . Gauge dependence first appears at three loops, as in Z os Q [6] . The requirement of finiteness of the renormalized matching coefficient (5) at ε → 0 has allowed the authors of [6] to extractZ Q from their result for Z os Q .
In the large-β 0 limit (see Chapter 8 in [11] for a pedagogical introduction):
where
ferences of n l -flavour and (n l + 1)-flavour quantities can be neglected at the 1/β 0 order). The difference of the QCD and HQET anomalous dimensions γ = γ Q −γ Q (it is gauge invariant at this order) and the Borel image S(u) are [12, 13, 11] 
This Borel image has infrared renormalon poles at each positive half-integer u and at u = 2. Therefore, the integral in (6) is not well defined. Comparing its residue at the leading pole u = 1/2 with the residue of the static-quark self-energy at its ultraviolet pole u = 1/2 [14] , we can express the renormalon ambiguity of z(µ) as
(Λ is the ground-state meson residual energy). The matching coefficient is gauge invariant at the order 1/β 0 . Expanding γ(β) and S(u) and integrating, we obtain confirm the contributions with the highest power of n l in each term in our threeloop result, and predict such a contribution at α 4 s .
Numerically, in the Landau gauge at n l = 4
(β 0 is for n l = 4 flavours). Naive nonabelianization [12] works rather well at two and three loops. Numerical convergence of the series is very poor; this is related to the infrared renormalon at u = 1/2. Now let us consider the relation between the MS renormalized electron field in QED and the Bloch-Nordsieck electron field. The bare matching coefficient z 0 = Z os ψ is gauge invariant to all orders, see [6] . In the Bloch-Nordsieck model, due to exponentiation, logZ ψ = (3 − a (0) )α (0) /(4πε) (where the 0-flavour α (0) is equal to the onshell α ≈ 1/137). In the full QED, log Z ψ = a (1) α (1) /(4πε) + (gauge-invariant higher terms) (see [1] for the proof; this has been demonstrated up to four loops by the direct calculation [15] ). The gauge dependence cancels in log(Z ψ /Z ψ ) because of the QED decoupling relation a (1) 
. Therefore, the renormalized matching coefficient z(µ) in QED is gauge invariant to all orders. The three-loop result is presented in [1] .
Heavy-light currents
Now we shall consider [2] MS renormalized heavy-light QCD quark currents
where Γ is a Dirac matrix. They can be expressed via operators in HQET
wherẽ
and O i are dimension-4 HQET operators with appropriate quantum numbers. The leading-order matching coefficients C Γ have been calculated up to two loops [12, 16] . There are 8 Dirac structures giving nonvanishing quark currents in 4 dimensions:
The last four of them can be obtained from the first four by multiplying by the 't Hooft-Veltman γ (there is no anomaly). The currents renormalized at a scale µ with different prescriptions for γ 5 are related by [17] qγ
qγ
where the finite renormalization constants Z P,A,T can be reconstructed from the differences of the anomalous dimensions of the currents. Multiplying Γ by γ just permutes its components, and also does not change the anomalous dimension, therefore,
Z P,A (µ) are known up to three loops [17] . The anomalous dimension of the HQET current (12) does not depend on the Dirac structure Γ. Therefore, there are no factors similar to Z P,A in HQET. Multiplying Γ by γ AC 5 does not change the matching coefficient. Therefore, the matching coefficients for the currents in the second row of (13) can be obtained from those for the first row. In the v rest frame
,
In particular,
In the following we shall consider only the matching coefficients for the first 4 Dirac structures in (13) .
In order to find the coefficients C Γ (µ), we equate matrix elements of the left-and right-hand side of (11) from the heavy quark with momentum p = mv + k to the light quark with momentum k q :
The on-shell matrix elements are
where Γ(p, k q ) andΓ(k, k q ) are the bare vertex functions, andZ q differs from Z q because there are no Q loops in HQET. The difference between u(mv + k) and u v (k) is of order k/m, and can be neglected. It is most convenient to use k = k q = 0, then the O(1/m) term is absent. The QCD vertex has two Dirac structures:
This leads tō
The HQET vertex has just one Dirac structure. Therefore,
If all flavours except Q are massless, all loop corrections toΓ(0, 0),Z Q , andZ q contain no scale and hence vanish:Γ(0, 0) = 1,Z Q = 1, Z q = 1. The quantities Γ(mv, 0), Z Q , and Z q contain a single scale m; Z Q has been calculated up to 3 loops in [6] , Z q in [10] , and Γ(mv, 0) in the present work [2] . The MS renormalization constantsZ j [7] and Z j [18] (for all Γ) are also known to 3 loops.
If there is another massive flavour (c in b-quark HQET), thenΓ(0, 0),Z Q , andZ q contain a single scale m c . The first two quantities have been calculated up to 3 loops in [19] ; the last one is known from [10] . The quantities Γ(mv, 0), Z Q , and Z q now contain 2 scales, and are non-trivial functions of x = m c /m. The renormalization constant Z Q has been calculated in this case, up to 3 loops, in [20] (the master integrals appearing in this case are discussed in Ref. [21] ). The other two quantities are found in this work [2] .
The bare on-shell QCD quantitiesΓ(mv, 0), Z Q , and Z q are expressed via g
if it is non-zero; we re-express it via the onshell mass m c ). They don't contain µ. The MS QCD renormalization constant Z j is expressed via α via the on-shell mass m c (which is the same in both theories). These bare quantities also don't contain µ. Finally, the MS HQET renormalization constantZ j is expressed via α (n f −1) s (µ). We re-express all the quantities in (19) via α (n f −1) s (µ), see [10] . From equation of motion we have
where m(µ) is the MS mass of the heavy quark Q. Taking the on-shell matrix element between the heavy quark with p = mv and the light quark with k q = 0 and re-expressing both QCD matrix elements via the matrix element of the HQET current with Γ = 1, we obtain [12] 
The ratio m(µ)/m has been calculated at three loops numerically [22] and then analytically [23] (the analytical results [23, 6] were later independently confirmed in [24] , and then in several other papers); for m c = 0, m(µ)/m has been found in [20] . The matching coefficients have been calculated up to 2 loops in [12] , and to 3 loops in the present work [2] . Analytical expressions are long; numerically, at m c = 0 and µ = m we have are shown separately). Naive nonabelianization [12] works reasonably well. 
DE
At m c = 0, results are expressed via the master integrals depending on x = m c /m [21] . Their status is summarized in the Tables 1-4 in this paper. In the present work [2] , we were able to obtain exact analytical expressions (via harmonic polylogarithms of x) for O(1) terms in the master integrals 5.2, 5.2a, from the requirement of finiteness of the matching coefficients. Therefore, the Table 3 in [21] should be now replaced with the following Table 1 (DE means the method of differential equations, and MB the Mellin-Barnes representation). Unfortunately, O(ε) terms in 4 master integrals are still known only as truncated series in x (the entries x in the table). Therefore, the m c corrections to the 3-loop matching coefficients are also known only as truncated series in x (or numerical approximations).
We let's apply our results to the matrix elements between a B or B * meson with momentum p and the vacuum:
The corresponding HQET matrix elements in the v rest frame are
where the single-meson states are normalized by the non-relativistic condition
These two matrix elements are characterized by a single hadronic parameter F (µ) due to the heavyquark spin symmetry. From (20) we have [12] 
where we may replace m B by the on-shell b-quark mass m, neglecting power corrections. Our main result is the ratio f B * /f B . At m c = 0 
The coefficient of N 2 /N 0 is about 0.08 at n = 2, and it seems reasonable to neglect this contribution. Neglecting also 1/n corrections, we obtain [25] f B * f B Our exact result −37.787 agrees with this prediction reasonably well. However, 1/n corrections are large and tend to break this agreement. It is natural to expect that 1/n 2 (and higher) corrections are also substantial at n = 2.
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